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Lecture I: Introduction and Elements of Statistical Mechanics

A. Introduction: the goal of these lectures is to learn about the new techniques
that have been developed to compute thermodynamic properties (such as the free
energy, specific heat, and correlation functions) of physical systems with quenched
disorder.

B. Physical Systems: a physical system is characterized by the states it can be
in, and the observable quantities which are a function of the state. The Hamiltonian
(energy function) is a very important observable quantity. The partition function, if
known exactly, gives complete information about the thermodynamics of a physical
system.

C. Two Exactly Soluble Models: we compute the free energy exactly for two
kinds of physical systems: non-interacting Ising spin systems, and particle systems
with quadratic interactions.

D. The Variational Approach: we can define a ”trial free energy” which is a
quantity that will be greater than the true free energy for any any ”trial Hamiltonian,”
and which will approach the true free energy as the ”trial Hamiltonian” approaches
the true Hamiltonian.

E. Trial Hamiltonians: our exactly-soluble systems provide a source of trial Hamil-



tonians which permit the analytical computation of trial free energies.
F. Toy Example of the Variational Approach: we use the variational approach for

a simple one-dimensional model, and interpret the results.

Lecture II: Variational Approach Applied to Proteins and Magnetic Spin Systems

A. The Protein-folding Problem: we want to predict the shape of a protein, know-
ing only the sequence of amino acids. We assume that the energy function is known
and is a sum of two-body terms.

B. Quadratic Trial Hamiltonian: we assume a trial Hamiltonian in which every
monomer is linked to every other monomer by a spring, and try to optimize the spring
constants to minimize the trial free energy.

C. Heteropolymer Self-consistent Equations: we derive a set of self-consistent
equations which, when solved, predict the position and correlated fluctuations of all
the monomers, given the temperature and two-body potentials.

D. The Ising Spin Glass Hamiltonian: this is a model of Ising spins on the lattice
in which the interactions between neighboring spins can be either ferromagnetic or
antiferromagnetic. The interactions are chosen from a probability distribution, and
are quenched.

E. Mean-field Theory: when applied to ferromagnetic spin systems, the variational
approach generates a self-consistent equation (mean-field theory) which becomes ex-
act when the number of dimensions of space approaches infinity.

F. Corrections to Mean-Field Theory: an alternative derivation of mean-field the-
ory (an expansion in powers of the inverse temperature at fixed magnetization) pro-
vides a way to systematically approach the true free energy. The first term correcting
ordinary mean-field theory is particularly important for spin glasses, and gives the

Thouless-Anderson-Palmer free energy for the Sherrington-Kirkpatrick model.



Lecture III: Averaging over Disorder and the Replica Method

A. Averaging over Disorder: we are interested in computing the average free energy
for an ensemble of systems (or samples) where each sample has a Hamiltonian which
is chosen from a probability distribution.

B. A Very Simple Toy Model: we compute directly disorder averages for a very
simple ensemble of systems; one in which each sample consists of a single quadratic
well, with its center at a random position. We distinguish between correlation func-
tions measuring thermal and disorder fluctuations.

C. The Replica Method: we explain the mathematical identities underlying the
replica method, and work out some interesting results for n by n replica-symmetric
matrices.

D. Check of the Replica Method: we re-derive disorder averages for our very simple
toy model using the replica method. The replica method involves averaging over
disorder first, and leaving any additional computations for later. A quadratic effective
replica Hamiltonian with a replica-symmetric Green’s function has a straightforward
interpretation in terms of the original ensemble of samples.

E. Random Potentials: we learn how to mathematically describe rough random
potentials in terms of Gaussian probability distributions. The first two moments of
the probability distribution provide complete information about it.

F. Averaging over Random Potentials with the Replica Method: we derive an

effective replica Hamiltonian resulting from an average over a random potential.

Lecture IV: The Variational Replica Approach and Replica Symmetry Breaking
(RSB)



A. Variational Approach to a Toy Model: we derive the replica-symmetric trial
free energy for a toy model of a particle in a rough random potential. The result for
the average fluctuations is pathological; the explanation is that a replica-symmetric
trial Hamiltonian describes a particle in a single well, and the toy model describes a
particle in a potential with many metastable minima.

B. One-step RSB: the idea of one-step RSB is that the off-diagonal elements
representing correlations between different replicas need not be identical. The replicas
can be grouped into families, and intra-family matrix elements will have different
values than inter-family matrix elements.

C. Mathematics of one-step RSB: we show how to manipulate one-step RSB ma-
trices, starting with their multiplication.

D. Physical interpretation of One-Step RSB: one-step RSB has a straightforward
interpretation in terms of an ensemble of samples which have intra-sample disorder
including metastable minima.

E. Full RSB: the infinite-step generalization of replica symmetry breaking actually
has a very convenient mathematical form in terms of a function of a variable which
ranges from 0 to 1. It can be interpreted in terms of each sample being constructed
as a infinite hierarchy of wells within wells.

F. The Full RSB Solution of the Toy Model: we show how the Full RSB solution
of the Toy model cures its pathologies, and describes a ”freezing” phenomenon as the

temperature is lowered.

Lecture V: The Variational Replica Approach to Impure Superconductors in a

Magnetic Field

A. Type-II Superconductors and the Abrikosov Crystal: a type-II superconductor

in a magnetic field will exhibit an intermediate phase in which the magnetic flux



penetrates the sample as a triangular lattice of flux lines.

B. Perfect Elastic Crystals: the Abrikosov Crystal of flux lines can be described
in terms of a perfectly quadratic classical Hamiltonian. We discuss the microscopic
and continuum versions of this model, and introduce the most general Hamiltonian
consistent with the triangular symmetry.

C. Random Pinning Potentials: we discuss oxygen vacancies in cuprate supercon-
ductors as an example of a quenched defect which could give rise to a rough random
potential.

D. Trial Free Energy and Self-consistent Equations: we average over disorder and
introduce a quadratic trial Hamiltonian, with full RSB. The solution for the Green’s
function is a function of both momentum and the replica variable.

E. Physical Correlation Functions: we compute various physical correlation func-
tions using the variational replica method. The agreement with Bitter pattern deco-

ration experiments is good.



I: Introduction and Elements of Statistical Mechanics

In these lectures, I will be discussing the statistical mechanics of various disordered
physical systems which have been called ” glasses” because of some similarities of their
properties to those of more familiar glasses. I will only cover a small portion of the
subject, governed partly by my own personal idiosyncratic tastes and mainly by a
desire to give a pedagogical introduction to some remarkable theoretical ideas which
may at first sight appear overly intimidating. These lectures will concentrate on some
general methods of calculation that have proven to be especially useful for systems
with quenched disorder. The advantage of focusing on general methods is that when
one understands them, one can use them on many different problems in the future.
These lectures will be unashamedly technical-we will be striving for a mathematical
understanding of the physical problems we consider. On the other hand, because
these lectures are being delivered at a summer school where many of the students
are not physicists, they will also be unashamedly pedagogical and will assume no
mathematical background beyond calculus and matrix algebra. I will discuss technical
subjects, but I will try my best to introduce all the technical matter in as gentle and
comprehensible a way as possible, assuming no previous exposure to the subject of
these lectures at all. As you shall see, it will still be possible to address problems at
the frontiers of current research.

The general goal in these lectures will be to learn how to compute thermodynamic
properties of disordered physical systems. Physicists have long understood how to
compute properties like the specific heat of a classical crystal or the magnetic sus-
ceptibility of a ferromagnet, or long-distance correlation functions in either system,
as long as the crystal or ferromagnet is perfectly regular. They have taken advan-
tage of the symmetries in these systems to invent such important theoretical concepts
as phonons and spin waves. In a glass, however, the randomness is intrinsic; each

atom in the system is in a different complicated environment, and it seems at first
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like an impossible goal to compute, say, the specific heat or correlation functions, as
precisely as we are used to for ordered systems. Fortunately, since 1975, there has
been substantial progress in learning how to make analytical computations for glasses;
these lectures are devoted to teaching you about some of the exciting new ideas and
concepts that have been invented.

We will make combined use of two major tools for these computations: a varia-
tional principle, and the replica method. In the first two lectures we will introduce
the variational principle without using any replicas, and then in the remaining lec-
tures explain, in order of increasing complexity, the ideas behind the replica method.
Variational principles are very well established in physics, but the power of the replica
method is still not as generally appreciated. For a non-technical introduction to the
history of the replica method and its manifold applications, the reader can consult
P.W. Anderson’s series of articles on the spin glass in Physics Today [1]. For a much
more technical treatment, together with a collection of reprints of the more important
replica articles up to 1987, see reference [15]. In this set of lectures, I will not cover
the many interesting applications of the replica method to a variety of problems like
neural network theory or optimization problems. Instead, I will concentrate on trying
to explain the method itself as simply as possible.

In this first lecture we will review some fundamentals of statistical mechanics and
solve exactly two completely trivial models. The reason that we care about these
models is that as we go on, we will be studying much more complicated models
which we have no hope of solving exactly. The trivial models will prove useful as
building blocks for powerful methods which give us approximate results about the
more complicated models. We will also introduce one of these approximation methods
in this first lecture. Even experienced physicists should find it worthwhile to review
these simple models, because I will be presenting them in a way that will ultimately

make esoteric theories like the TAP equations for spin glasses and Gaussian replica



field theory much more transparent. In future lectures, we will be applying the
approximation techniques to such complex physical systems as proteins, spin glasses,
and impure superconductors in a magnetic field.

Enough generalities; let’s begin studying the statistical mechanics of some physical
systems. A physical system will be characterized by the different states it can be in,
and various ”observable” quantities which can be measured and which are a function
of the state of the system. One very important observable quantity is the energy, or
”Hamiltonian.” Our first trivial example of a physical system is a single Ising spin
in a magnetic field. An Ising spin, denoted by the variable Si, can be in two states:
"up,” when S; =1, or "down,” when S; = —1. (The subscript 1 in ”S;” is just there
to indicate that it is our first spin. If we had two spins, we would label them S; and
Ss.) For a system consisting of a single Ising spin in a magnetic field, the Hamiltonian
is

H=-h05 (1)
where h; is a magnetic field which tends to align the spin to point ”up” if the the
field is positive, and "down” if the field is negative. The fundamental principle of
statistical mechanics is that the probability that a system is in each possible state
is proportional to the Boltzman weight e #(stat)/T of that state, where T is the
temperature. The central object of study in statistical mechanics, from which we can
compute all thermodynamic quantities of interest, is the partition function Z, which
is the sum of the Boltzman weights of all the states of the system:

z=Y o~ Hlstate)/T (2)
states
For the model of a single Ising spin with Hamiltonian given by equation (1) we easily
find that
Z =eM/T 4 em/T (3)



As I mentioned, when one knows the partition function exactly, as we do for this
trivial model, one can then calculate all the thermodynamics exactly. Thus, the free

energy F' is defined by

F=-TnZz, (4)
the entropy S is given by
oF
s=-2, (5)
the internal energy U is given by
1?07
=——=F+T
U 7 3T +TS (6)

and the specific heat C' is given by

ou 0*F

Notice that if we add an over-all constant to the Hamiltonian, it is also added to the
free energy and the internal energy, but does not affect the entropy or the specific
heat.

The probability that the system is in any of its states is just equal to the Boltzman
weight of that state divided by the sum of the Boltzman weights of all the states:

1
DPstate = Ee—H(state)/T (8)

We can define the thermal expectation value of any state-dependent quantity as the
average (weighted by the probability of each state) of that quantity. For example,
you can check that the internal energy is actually just the thermal expectation value
of the Hamiltonian itself, while the entropy is the thermal expectation value of the
negative of the logarithm of the probability of the state, and is thus a measure of how
”spread out” the system is between its possible states:

U= Y pstateH(state) = (H) (9)

states
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S = Z —Pstate ln(pstate) = <_ ln(pstate» (10)

states

where the angular brackets are a convenient short-hand notation for the thermal
expectation value.

There are other thermal expectation values that we might be interested in. For
example, the magnetization m; of the spin is just the average value of the spin, which

for this model we can easily relate to the magnetic field and temperature:
my = (S1) = tanh(hy/T). (11)

Finally, the susceptibility x; is defined as the response of the magnetization to a

change in the magnetic field:
8m1

So far, it has been natural to think of the free energy and all the other thermo-

X1 (12)

dynamic quantities as functions of the magnetic field h;. But equation (11) gives a
simple relation between the field and the magnetization, so if we prefer; it is a simple
matter to replace the magnetic field by the magnetization and define a magnetization-
dependent free energy. We will see later that this is often a convenient thing to do.
Now let us introduce another trivial model. In this model, we consider a particle
which moves in one dimension, and which can be located at any position r; from
negative to positive infinity. (The subscript ”1” is again a label indicating that this
is the first particle.) The Hamiltonian will be a function of the position ;. The

partition function is

Z :/ dry e HOD/T, (13)

To make this model exactly soluble, we restrict ourselves to a Hamiltonian function

H(r1) which is quadratic in 74:

H(r) = —(r1 —ay)% (14)



Using the well-known formula for Gaussian integrals (in the appendix, I give a table

of Gaussian integrals which will be useful in these lectures), we find that
Z =\21TG (15)

Using formulae (4)-(7), we can again compute the free energy, entropy, internal energy,
and specific heat. We can also compute (again using the appendix) a couple of thermal
expectation values which are particularly relevant for this model. Namely, the average

position is given by
1 e —(r1—a1)?/2GT
(r1) = 7 /_ dririe = (16)
while the average fluctuation in the position is given by
1 00
<(7"1 - a1)2> = 2/ dry(ry — ay)?e (@)’ 26T — 7@, (17)

Physically, one can imagine that the particle described by this model is attached
to a spring which is nailed to the position a;. The amount that it bounces around its
average position a; is determined by the combination of the temperature 7" and the
softness of the spring G.

In statistical mechanics, we are usually most interested in systems which have
a very large number of degrees of freedom, rather than just one as in the examples
given. So how can we generalize these models so that they are still exactly soluble but
concern a large number of spins or particles? For the Ising spin system, there is not
much that we can do beyond considering the system of many non-interacting spins,
each under the influence of its own private magnetic field, for which the Hamiltonian

would be:

N
H=-Y hS; (18)
=1

where N is the total number of spins. The free energy for this model is just the sum

of the free energies for all the individual spins.
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We can generalize the other model in a somewhat more interesting way. A Gaus-
sian integral over many interacting degrees of freedom will still be soluble as long as
all the interactions are quadratic. Thus, we can consider the generalized Hamiltonian

for N particles:

(rj — a;) (19)

tj
where (G71);; is a symmetric matrix of the spring constants connecting all the par-
ticles together. We have written this matrix as an inverse matrix to agree with the
common convention. This generalized model represents N particles, each attached
with a spring to a nail at its own position, but now also connected by springs to every
other particle. We have left the values of all the spring constants as general parame-
ters. The wonderful thing about Gaussian integrals is that we can still compute our

partition function; we find, using a formula from the appendix, that
Z =/(2nT)N det G (20)

where det G is the determinant of the G matrix. Another extremely useful result is
that the expectation value of the correlated fluctuations of two particles around their

average positions is simply related to the G matrix:
((ri = ai)(r; — a;)) = TGy (21)

The G matrix is often referred to as the ”Green’s function.”

Now you may be thinking that these exactly soluble models are great, but most
interacting systems we know of do not have these Hamiltonians, so what use are they?
We shall see that these models can actually be used as inputs for a couple of different
approximation schemes.

The first of these approximation schemes is based on a general mathematical

inequality. Assume that we have some arbritrary physical system which can be in, say
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K different states. The probability of each state is some number p, (o = 1,2, ..., K)

where
K
Z Do = 1. (22)
a=1

Let us also imagine that there is some observable quantity X (like the energy) which
depends on which state the system is in. We label the different possible values of the

quantity by X,. By our previous notation, the thermal average of X is
K
(X) =2 paXa. (23)
a=1
The mathematical inequality that I will assert (without proof) is that
<e_X> > =X (24)
or written out more explicitly
K K
> pac Fe > e ZamaPae, (25)
a=1

You can check for yourself that this inequality follows from the convexity of the
exponential function.
Let us now return to our model of a single particle whose energy depends upon

its position. We want to compute the partition function
(o]
Z = / drie /T (26)
—00

Before, we had an especially convenient quadratic function for H(r;), but imagine
that we now have some more complicated function which makes the integral diffi-
cult or impossible to compute analytically. We can use our inequality to obtain an
approximate solution as follows. The partition function is obviously equal to

Ho('rl)/T

foe) oo d —
z- drye—Hr)/T =00 A1 (27)

%o drie=Holr)/T

14



where Hy(r1) is any function at all. We can rewrite this as

o0 —[H(r1)—Ho(r1)]/T ,—Ho(r1)/T ;00
7 — J2 drie [Hra)—Holr)I/T g~ Holr)/ drle*Ho(n)/T (28)
[22, drie=Ho(r)/T —o0
or
7 = <e_(H_H°)/T>O/ dryeHor)/T (29)

where the notation (X)), means the thermal average of X using the function Hy(r;)

as a so-called trial Hamiltonian. We can now use our inequality to assert that

7> ¢ ((H-Ho)/T), / > drie~Hor)/T (30)
for any function Hy(r1). In terms of the free energy F' = —T'In Z, we can equivalently
assert that

F<-Th / drie™™) 4 (H — Hy)), = F (31)

where we define the quantity on the right-hand side of the inequality as the trial
free energy F corresponding to the trial Hamiltonian Hy. This is our fundamental
variational principle. (R.P. Feynman was one of the first physicists to make use of
this principle in his famous treatment of the polaron problem [9]. Another interesting
application of the variational principle is to the excluded volume problem in polymer
physics [6] [3].) It says that the true free energy will always be less than the trial free
energy no matter what trial Hamiltonian we choose. Thus, if from some class of trial
functions Hy(r1), we find one that gives a minimal trial free energy, we know that
that is our best estimate of the free energy. Note that if Hy is equal to H, the trial
free energy is automatically equal to the true free energy.

To be able to use this variational principle in practice, of course, we must restrict
ourselves to a class of trial functions Hy for which we can analytically compute F'.
The best trial Hamiltonian will be the one in this class which is closest to the real

Hamiltonian. Finding a class of analytically tractable trial Hamiltonians is precisely
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where our previously analysed exactly soluble models become useful. Let us look at a
relatively simple example. Consider the Hamiltonian function (we drop the subscript
”1” on ry for brevity)

H(r)=Cr* +r% (32)

If C > 0, then the function has the form of a ”single-well” potential, while if C' <
0, H(r) has the form of a ”double-well” potential with a barrier of height C?/4
separating the two valleys. In either case, the free energy F' = —T'In [*°_ dre (") is
some perfectly well-defined function of 7" and C, but this function is rather difficult
to compute analytically. We will compute the function approximately using our
variational principle with a class of trial Hamiltonian functions of the now-familiar

form

Hy(r) = 5 — o) (33)

where GG and a are now arbitrary variational parameters that we will vary in order to
minimize the trial free energy.

The trial free energy is

F=-Th /_ dre= M0 4 (H — Hy), (34)

Fe =T [T are R0 () o) < L (e, o9

F=-Th /Oo dre (T-@)?/2GT C/OO drrle—(r—a)?/2GT

o0 2 1 o0 2
/ d7“7‘4€_(r_a) /2GT ﬁ/ dr(r _ a)Qe—(r—a) /2GT (36)

Now comes the key step, where we take advantage of the fact that our trial Hamil-

tonian has such a convenient form. Because it is quadratic, all these integrals are
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simple to compute. Using the integrals in the appendix, we find that
£ T 2 4 2 2q2y T
F:—Eln(ZﬁTG)—i-C(a +TG) + (a* + 6a°TG + 3T°G )—5 (37)

It is interesting to note that adding a constant to the trial Hamiltonian would not

change the trial free energy. The constant would have been added in the
—TIn /oo dre~Ho()/T

piece of the trial free energy but subtracted in the (—Hy), piece.

Minimizing the trial free energy with respect to a, we find that a = 0 or

o
a? = — (5 + 3TG> (38)
while minimizing with respect to G' gives
1 2
—— 4+ C+6a"+61TG=0 (39)

2G

Let us examine the solution in more detail. When C' > 0 (the single-well case),

we find that the only solution is ¢ = 0 and

1

G =17

[VCT+ 12T - C. (40)

Returning to the trial free energy, which is our estimate for the true free energy, we

finally find that

F:—T(—-ﬁ—lln(%)) —gln(m—(})
A Cea e (41)

On the other hand, in the double-well case when C' < 0, there can be two possible
solutions, depending on the temperature. For temperatures higher than some critical

temperature 7., we have a functionally identical solution to that for C' > 0, with
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a = 0, G given by equation (40), and F given by equation (41). For temperatures
below T, there is another solution with a lower trial free energy. The variational

parameters corresponding to this other solution are
1
o =~ (5C + VC2+127) (42)

and

1
G =g Ve + 12T + C. (43)

and the trial free energy is

F:-T(§+lln(1)) —gln(mﬂ;*)

8 2 \12
2
—% (VCe*+12T + C) - % (44)

The critical temperature itself is simply determined by setting the high-temperature
trial free energy of equation (41) equal to the low-temperature trial free energy of
equation (44).

What is the physical meaning of this transition between two solutions? First, it
should be made clear that the real free energy does not have the ”cusp” that our trial
free energy exhibits, so that is an artifact of our approximation. Nevertheless, it is not
a stupid artifact, because there really are two temperature regimes for the true free
energy—it is just that the cross-over between them is a gradual one. The Hamiltonian
represents a ball in a double-well potential, and that ball is jiggled around by random
hits from some back-ground ”stuff.” When the temperature is high, the jiggling is
strong, while when the temperature is low, the ball will just sit at the bottom of
the potential, as the jiggling will be weak. Clearly, there will be a high-temperature
regime, when the particle bounces back and forth between the two valleys easily,
because there is enough thermal energy to get over the barrier. There will also be

low-temperature regime, when the particle tends to spend a very long time in one
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hill before it bounces over the barrier. These two regimes are represented in our
solutions. In our low-temperature solution, the ball has some average position at a,
with a fluctuation G which represents how much the ball jiggles around that. In the
high-temperature solution, ¢ = 0 which means the ball is bouncing back and forth
between the two wells, and GG is much larger than in the low temperature solution,
which again corresponds to the larger fluctuations.

In general, one should be aware that in any variational method, the results one
gets for the quantity one is minimizing over (in our case, the free energy) can be very
accurate, but the results for other quantities which one deduces from the minimization
(like in our case, the size of the fluctuations) will not be as accurate. To understand
this, let us imagine that we are minimizing the quantity F' over some multidimensional
space which we represent by the vector Z. The minimum of F(Z) will always be
quadratic in . That means that if we miss the optimal ¥ by some small amount
0Z because we have restricted ourselves to a certain portion of Z-space where we can
compute F'(Z) analytically, our estimate for the value of F' will only be wrong by
((5:5')2. This does not mean that one should ignore the variational solution except for
the upper bound it gives for the free energy (unless you are a rigorous mathematical
physicist, in which case it means precisely that), as it is still true that the best &
found will be closest in the sub-space chosen to the optimal Z. It just means that one
should beware that a poorly chosen subspace (or class of trial functions) can produce

misleading results.
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I1: Variational Approach Applied to Proteins and Magnetic Spin Sys-
tems

In this lecture, we will begin by applying the variational method we learned about
in the last lecture to the important problem of protein folding. The work that I will
describe was done in collaboration with Jean-Philippe Bouchaud and Marc Mézard
[4] at the Ecole Normale Supérieure in Paris. I will be discussing a highly simplified
model of ”proteins” in this lecture; but the ideas presented here could be generalized
to a more realistic model.

A protein is a polymer which can be specified by the sequence of amino acids
which make up its monomeric units. This sequence is stored biologically in the DNA
segment, which is ultimately translated into the protein. The sequence of amino
acids determines the three-dimensional shape of the protein, and that shape in turn
determines how well the protein performs its biological function. The ” protein folding
problem” is the problem of predicting the three-dimensional shape of a protein given
only the sequence of amino acids. It is attracting considerable interest because present
technology makes it much easier to sequence proteins than to determine their shape.

The shape of a protein can be specified at varying levels of precision. One could
for example, specify bond-angles between neighboring amino acids, or one could spec-
ify the position of every atom in the protein. Let us, for the purposes of simplicity,
consider a generic model of an N-monomer linear heteropolymer in which the position
of the ith monomer in the chain is given by the D-dimensional vector 7;. (In ordinary
space, D = 3 of course, but there is no particular difficulty caused by keeping the
dimension of space arbitrary.) We will make the huge assumption that the Hamil-
tonian for our heteropolymer is known and can be reduced to a sum of two-body
monomer-monomer potentials; i.e.

H= 3> Viy(lri—7) (45)

1<i<j<N
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The effect of the solvent is taken into account in this Hamiltonian only insofar as the
two-monomer potentials are affected by it.

Now suppose that at the temperature we are interested in (physiological temper-
atures for a protein) the heteropolymer has a shape that is well-defined. That is, up
to global rotations and translations, each monomer has an average position and some
typical fluctuation around that position. This is certainly the case for globular pro-
teins at physiological temperatures, although it is interesting that the physiological
temperature is usually not much less than the temperature at which proteins undergo
a transition to a fluctuating ”coil state” with no definite shape, which suggests that
thermal fluctuations are rather significant. If the heteropolymer does have a definite
shape, it should not be too bad an approximation to consider a quadratic trial Hamil-
tonian which assumes that each monomer has some average position with Gaussian
fluctuations around that position. Thus we re-introduce the trial Hamiltonian that

we first mentioned in the last lecture:

1N N
Ho =5 Z Z(G_l)zj(f} — d;).(75 — @;) (46)

i=1 j=1
where d@; and G;; are two sets of variational parameters which have straightforward
interpretations: from our discussion of this Hamiltonian in the first lecture, we know
that d@; is the average position of the ith monomer, while G; is proportional to the
correlated fluctuation of monomer ¢ and monomer j. As usual, we will eventually
choose these variational parameters to minimize the trial free energy. Because we have
so many variational parameters to vary, and because our trial Hamiltonian describes
a system which is physically close to the true state of our system, the results we derive

from our variational approach should be rather reliable. In fact, one can introduce

an even more general and realistic trial Hamiltonian with a tensorial structure for G":
<A B8 B B
-1
Hy= 3333 S (G 08 = af) (] = af) (47)
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where o and (3 are spatial indices. Such a trial Hamiltonian allows the protein to
have anisotropic fluctuations, which is obviously desirable. For the sake of simplicity,
we shall keep here to the form of equation (46) which is isotropic in space.

We now compute the trial free energy. The following derivation may seem com-
plicated, but keep in mind that it is actually a straightforward generalization of the

example from the last lecture. We have

F = Fy + (H — Hy), (48)
where
Fo=-ThnZy=-T / A7\ ... d Py e~/ (49)
and (X), denotes the expectation value of the observable X with respect to the
Boltzman measure ZLO exp(—Hy/T):

1
(X)y= o / A7y 7.7y e Ho/T X (50)
0

Some of these integrals can actually be done very easily. Using the appendix, we
find that
Fy = =Tn ([27T)" det G]”/?) . (51)
Using the matrix identity Indet G = Trln G, we find

_NDT

Fy = In(27T) — ?Tr InG (52)

For (—Hy),, we have

(—Ho)o = —3 S (G (7 — @) (75 — @), (53)

(=Ho)o = ——~ Y (GG =——— (54)
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Finally, the most interesting and difficult integral to compute is
(Hyo= > (Vig(ri—7i)),- (55)
1<i<j<N
To compute it, it helps to first learn a general fact about Gaussian integrals. We

clearly need to be able to compute quantities like (f(7; —7;)),, where f is some

0’
arbitrary function. Z = 7 — 7; is a Gaussian variable, which technically means that
you can determine all of its higher moments from the first two. Its first two moments

(2o = @ — & (56)
and
(= @0)7), = ([ —a@) - (7 —&)]),
= DT(Gy + Gy — 2Gy)) (57)

The important general fact that we need to know is that when one computes the
average of some function of a Gaussian variable over all the original N variables
in the problem, one can replace the measure over all the original variables with a
new measure over only the Gaussian variable, as long as the new measure gives the
same first two moments. Perhaps it is clearer if I just write it in equations; if Z'is a

D-dimensional Gaussian variable with first two moments J\Zfl and DM, then

F@o = [ T exp [—ﬂ] 1) (58)

Similarly, although we will not need it here, an average of a function of two Gaussian
variables can be reduced to an integral over just those two variables if one uses
a measure which gives the same first two moments. By the way, we know 2" is a
Gaussian variable because linear combinations of Gaussian variables are themselves
Gaussian and the original variables of a quadratic Hamiltonian are always Gaussian

variables.
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Given the general fact described above, the computation of (H), follows immedi-
ately. We find

dz (Z— (@ — a@;))?

(Hlo= 2 / 2T (G + Gy — 2G)|P72 l_ 2T (G + Gyj — Qsz)] V(I3

1<i<j<N
(59)

To summarize our computations, we have found that

NDT DT

F=- (In@2rT) +1) - —-TrinG

dz (7 — (@ — a;))* .
* Z / [27TT(G”' + ij - 2Gz’j)]D/2 exp [_ QT(Giz’ + ij _ QGiJ’)] Vl](|z|) (60)

1<i<j<N

Minimizing the trial free energy with respect to all the a;, we find that for all i =
1,2,...N

az 5 (m =
0= 2 e e, —aa el @)

J=1,N(j#i)

G=@G-a) 1,
b | st s | Vol (61)

while minimizing the trial free energy over all the G;; tell us that for all 7 # j,

dz
i = 2/ (2m)PR[T (G + Gy — 2Giy) (P2 Vi (12])

(7 - (@ — d;))° (7 - (@ — d@;))°
2T(Gi + Gy — QGij)] [1 ~ DT(Gy + Gj; — 2Gy)) (57

exp [_
and for ¢ = 7,

==Y (G (63)

J#1
These equations are obviously complicated, and the only way to solve them for
some arbitrary set of two-body potentials V;; would be numerically on the computer.

(They simplify considerably and can be dealt with analytically in the case when the

potentials V;; are identical, corresponding to an ordinary homopolymer [6] [3].) At a

24



given temperature, there may well be more than one solution to these equations, which
would correspond to the different possible metastable states of the heteropolymer.
The advantage of this approach is that it naturally acounts for thermal fluctuations
while giving a great deal of useful information: given the input of the temperature and
the two-body potentials, one gets as output the positions and correlated fluctuations
of all the monomers. It would certainly be interesting if someone went ahead and
used these equations for a relatively small system, and then compared the results to
a more conventional, but time-consuming, Monte Carlo simulation.

The protein is our first example of a system with ”quenched disorder.” The dis-
order in this case simply comes from the two-body potentials, which depend in some
complicated way on the precise amino-acids that the chain is made out of. The dis-
order is ”"quenched” in the sense that the two-body potentials are fixed once and for
all for any given protein. Of course, different proteins will be made out of different
amino acids, and will therefore have different two-body potentials and ultimately dif-
ferent shapes, but for a given protein, the potentials are quenched. The concept of
”quenched disorder” is easy to understand, but it is important to continue to learn
how to deal with it on a technical level, as it is an intrinsic aspect of many physical
systems. For our next example, we will first apply our variational approach, and then
introduce a new and potentially even more powerful technique.

The next system that we will consider for which quenched disorder is important
is the Ising spin glass. Imagine that we have some lattice (for concreteness we will
restrict ourselves to D-dimensional hypercubic lattices like the linear, square, or cubic
lattice) of N points, and on each point of the lattice we put an Ising spin which can
point up or down. In the first lecture, we only considered Ising spin systems in
which each spin was independent of every other spin, but let us now consider what
happens if each spin influences its nearest neighbors. In a ferromagnet each spin will

tend to make its nearest neighbors point in the same direction that it is pointing. A
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commonly used Hamiltonian for the ferromagnet is

H=-J) 55, (64)
(i5)

where J > 0 and the (ij) notation means that the sum is over nearest neighbors in
the lattice. This Hamiltonian clearly favors configurations in which all the spins point
in the same direction. In an antiferromagnet, each spin will tend to make its nearest
neighbor point in the direction opposite to its own. The same Hamiltonian as the
one used for the ferromagnet will also describe an antiferromagnet if J < 0. A spin
glass is a system in which the interaction between any pair of nearest neighbors is
fixed, and is randomly chosen to be either ferromagnetic or antiferromagnetic. The
canonical Hamiltonian for a spin glass is

H ==Y J;S:S; (65)

(i5)

In practice, if one wants to make a computer simulation of a spin glass for example,
one chooses each J;; to be equal to +1 or —1 with equal probability, or chooses the .J;;’s
from some other probability distribution. One very popular probability distribution

is the Gaussian one, for which

—(Jij—Jo)?/(2J?)

\/E27rj2)

where J; is the average value of a bond and J is the standard deviation in the bond

(&

p(Jiy) = (66)

strengths. Once the J;;’s are chosen form whichever probability distribution being
used, they are quenched, and cannot be changed. They play a role analogous to that
of the V;;’s in the protein Hamiltonian, while the S;’s play a role analogous to the r;’s
as the degrees of freedom in the problem. The ferromagnetic and antiferromagnetic
Hamiltonians are obviously just special cases of the more general spin glass Hamilto-

nian, although in practice, a system is only called a "spin glass” if the J;;’s are chosen
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at random and from a probability distribution which contains both positive and neg-
ative J’s. (In 1975, Sherrington and Kirkpatrick introduced their famous model of a
spin glass with the above Hamiltonian on the very special lattice in which each spin
is a nearest neighbor of every other spin [19]. A spin glass on such a lattice turns
out to have thermodynamic properties that are identical to those of a spin glass on a
D = oo-dimensional hypercubic lattice.)

Faced with this Hamiltonian, I would hope that you would first consider trying
the variational approach on it. Let’s see how that would work. We are interested in
computing

F=-TInTrexp(—H/T) (67)

where Tr is a short-hand notation for a sum over all possible states of the system:

=Y ¥ .. 3 (68)

Si=%1Sp=+1  Sy==1
We know that we can make exact computations with a trial Hamiltonian consisting

of non-interacting spins, so we take
N
Hy=-> hS; (69)
i=1

where the h; variables are now variational parameters that we will try to optimize.

The trial free energy is as usual

F = Fy+ (H — Hy), (70)

where

Fo=-TlnZy=—-TInTrexp(—Hy/T) (71)

and the expectation value (X), is taken with respect to the trial Hamiltonian Hy:

(X)y = ZLOTIX exp(—H,/T) (72)
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We did the trivial computation of Fy last lecture:
Fy = —T) Incosh(h;/T) (73)
The other pieces of F' are almost as simple to compute:

(—Hy), = Z hi (Siyg = D hytanh(hy/T) (74)

(H)o = — (Z) Jij (SiS)o

=S J, (S — 3" J,; tanh(h;/T) tanh(h;/T) (75)

(5) (1)

We have used the fact that the spins are independent in the trial Hamiltonian to
factorize the correlation function (S;S;),.

Putting it all together, we find

F=—-TY"Incosh(h;/T) — 3 J;; tanh(h;/T) tanh(h;/T) + Zh tanh(h;/T) (76)
i (i)

Minimizing the trial free energy with respect to h;, we find

—tanh(h;/T) — Z Jijtanh(h;/T)(1 — tanh?(h;/T))

J(Z)
+tanh(hi/T) + %h,-u _ tanh2(h;/T)) = 0 (77)
h,‘ = Z Jz‘j tanh(hj/T). (78)

3(%)
where the notation j(7) means all spins j neighboring spin 4.

Notice that these self-consistent equations are considerably simpler than the cor-

responding equations we derived for the protein problem. We can rewrite them in a
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different and slightly more conventional way by changing variables to the local mag-
netizations m; = (S;), = tanh(h;/T). In terms of the magnetizations, we have the
trial free energy

. 1+m;. (1+my\ 1—m, (1—m,
i (i7)

(The first term on the right is the entropy, while the second term is the internal
energy of the system in this approximation.) In these variables, the self-consistent
equations are
ey
m; = tanh (Z M) (80)
—~ T
3(@@)

Let us now consider the special case of the ferromagnet where all the J;; are equal.
We will choose the particular scaling J;; = 1/(2D), where D is the dimension of our
hypercubic lattice, in order that the ground state energy density (when all spins point
in the same direction) will be E/N = —1 irrespective of the dimension. Since all the
Jij’s are equal, we expect the magnetization at each site to be equal, since there is
nothing to distinguish one site from another. Setting m; = m, we find the famous

mean field equation for the magnetization of an Ising ferromagnet:
m = tanh(m/T) (81)

According to this ”variational,” or "mean-field” approximation, the ferromagnet will
have a transition at 7" = 1. For T' > 1, m = 0, but for 7" < 1, the magnetization
is non-zero, with a magnitude approaching 1 at 7" = 0. We shall eventually see that
the mean-field approximation becomes exact for the ferromagnet when D approaches
infinity.

To demonstrate this fact, we will need to develop a new and different technique
for calculating the free energy. This technique is conceptually very simple-it is based

on the idea of expanding the magnetization-dependent free energy in powers of the
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inverse temperature. We shall see that the form for the trial free energy given in
equation (79) actually corresponds to just the first two terms in such an expansion.
Thus, by computing the higher-order terms in this expansion, we can systematically
approach the true free energy. My collaborator on the work that I am about to
describe was Antoine Georges at the Ecole Normale Supérieure in Paris.

The starting point of this technique is the magnetization-dependent free energy.
As I have defined it so far, the free energy is just the logarithm of the partition
function, and the magnetization will have some equilibrium value at any temperature.
The magnetization has not been a free variable-we have been given the temperature
and we have computed the magnetization. One can turn the magnetization into
a free variable and define a magnetization-dependent free energy by adding to the
physical system a set of external auxiliary fields which are used to insure that the
magnetizations are at their desired values. Of course, when the magnetizations are
at their equilibrium values, no auxiliary fields will be necessary. Let’s see how this
works in equations, using our spin glass Hamiltonian. The magnetization-dependent

free energy is

(7) g

where § = 1/T is the inverse temperature. The A(J3) are our auxiliary fields (or
Lagrange multipliers). Note that they depend explicitly on the inverse temperature,
which is just a reflection of the important (and obvious) fact that the fields necessary
to fix a certain set of magnetizations will change as the temperature changes. As usual,
the magnetizations m; are defined as (S;), where the expectation value is taken with
respect to an effective Hamiltonian which is the sum of the original Hamiltonian and

the auxilary fields: if X is some observable, then

(X) = TrX exp(8 X5 Ji5:5iS; + 25 Mi(B)(Si —my))
— Trexp(8X ) JijSiSj + 3 Mi(B) (S — my))

(83)
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Eventually, we are going to minimize the free energy with respect to the magnetiza-
tions (set 0F/0m; = 0). You can work out that this condition, when combined with
the constraint that m; = (S;), ensures that the auxiliary fields \;(8) = 0, precisely as
they should at equilibrium.

We are going to expand —BF (8, m;) around 3 = 0 using a Taylor expansion.
You can already see that this trick will be useful because at 3 = 0, the spins will be
entirely controlled by their corresponding auxiliary fields, and we will thus have again
reduced our problem to one of independent spins. Since m; is fixed equal to (S;) for
any inverse temperature (3, it is in particular equal to (S;) when § = 0, which gives

us the important relation

TrS; exp(X;(0)S;
Trexp(X;(0)S;)

We now expand the —(GF (3, m;) around 3 = 0 using a Taylor expansion:

) LR, 2BF) B
BE() =P~ "5 B pm 5

where we have temporarily suppressed the dependence of F' on m;. From the definition

(85)

of —BF(8, m;) given in equation (82), we find that

—BF (6, mi)s=0 —Zln[cosh i(0)] = Ai(0)m; (86)

At this point, we can choose to work with either the variables m; or the variables
Ai(0), which are directly related to the m; through equation (84). We will choose to
eliminate the );(0) (note that the formal manipulations are very similar to some of
those we did previously when using the variational approach, but the meanings of our
variables are somewhat different), and thereby recover

~BE (B m)so =~ [1 RULEM (”2’"") 41 M (1 ] e

31



which is the entropy of non-interacting Ising spins constrained to have magnetizations
m;. (Compare with the formula

S = Z —Dstate ln(pstate) (88)

states

from last lecture.) Considering next the first derivative in equation (85), we find that

d(BF) o\
B=0 (i5) =0 B=0
At 8 = 0, the spin-spin correlation functions factorize so we find that
F
85 =0 (if)

This is of course the ”variational” internal energy, so we see that as claimed, the first
two terms in our expansion give the variational trial free energy.

Naturally, we can continue our expansion, and to arbitrarily high order. If you
are interested in some formal details and tricks which make the computation easier,
you can refer to reference [10]. To order 3%, one finds that

14+ my 14+ m; 1—m; 1—m;
i (i4)

ZJZ 1=m;)(1-m Z m; )m; (1 —mj)

(ZJ

+6° > Jij Jidri(1 = mi)(l —m3)(1 —my)

(ijk)
4 4 2 9 9 9 5 o
12( )J (1_ i)(l_mj)(1+3mi +3mj_15mimj)
+28" 3 e ami(1 = mi)my(1 = m3)(1 = m)
(ijk)
S Tyl = md) (= w1 = md) (L =)+ (O)

(ijkl
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where the notation (ij), (ijk), or (ijkl) means that one should sum over all distinct
pairs, triplets, or quadruplets of spins.

For the ferromagnet on a hypercubic lattice, all these terms can be re-organized
according to their power in 1/D. It is easy to show that only the zeroth and first
order term contribute in the limit D — oo, and to generate 1/D expansions for
all the thermodynamic quantities, including the magnetization [10]. In 1977, Thou-
less, Anderson and Palmer (TAP) pointed out that the ”mean-field” theory for the
Sherrington-Kirkpatrick spin-glass model should include also include the second-order
term (in ) [20]. Unfortunately, solving the N equations obtained from minimizing
the TAP free energy is still no easy task for the spin glass problem, although they
were nevertheless able to make a number of interesting deductions based on their
equations. The interested reader is referred directly to their paper for the details. In
the next lecture, we will finally begin studying an even more powerful technique for

dealing with quenched disorder, the famous replica method.
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ITI: Averaging over Disorder and the Replica Method

In this lecture, we will introduce a new subject, averaging over the disorder of
a physical system, and a technique to do it, the replica method. The idea of aver-
aging over disorder may have already occured to you when you saw the results of
the variational method for the spin glass Hamiltonian. For N spins, there were N
self-consistent equations to solve! This compared very unfavorably to the single self-
consistent equation that we needed to solve in the ferromagnetic mean-field theory.
Of course, if one is interested in some very specific system; for example the shape of
a specific protein, then it makes sense that one will have to solve a lot of equations to
get the answers-if you want a lot of detailed information, you need to do a lot of work.
But if instead one is satisfied to know the average value of thermodynamic quantities
for some typical system with quenched disorder chosen from some probability distri-
bution, then it makes sense that one can simplify the problem. Sam Edwards and
Philip Anderson were the first to attempt to compute such average quantities using
the replica method for the spin glass in 1975 [7], and Giorgio Parisi first gave the
correct solution of the replica mean field theory for spin glasses in 1981 [17]. We will
introduce the replica method on models which are somewhat simpler than the spin
glass, so that the ideas will be clearer. In fact, we will begin with a model which is
sufficiently simple that the average over disorder can easily be done without replicas,
so that we can check that the replica method does indeed give the correct answer.

Suppose that we have a single particle governed by the Hamiltonian

r2

where f is a quenched random force field. Or rather, we actually have an ensemble
of such physical systems, each with a different value of f. A single examplar system

from the ensemble is called a sample. Suppose that the samples are assigned values
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of f chosen from the probability distribution

n= (93)

V23

For this ensemble of systems, we can compute thermodynamic quantities like the free

energy F for any particular sample with a certain value of f, but what is more, we
can compute the free energy F' averaged over the entire ensemble, with each value of

f weighted by its probability:

F=["dp() Fy (94)
Let’s see how this works. We have

r? 1 f?

H=—— = (r— f)2 - L
o fr=gr-p- (95)
so we see that if the force field is f, the particle will actually be in a quadratic well

centered at r = f with minimum H = —f2/2. We have

Zp = /_oo dr e~ 3rlr—1*=f? (96)
Zy = efz/QT/ dr ez (=1 = f*/2T\/o7T. (97)

The free energy F; for a sample with force field f is

2
T
Fy=-TnZ; = —fE — 5 In(2rT). (98)

This is as we would expect: the free energy is shifted from the f = 0 free energy by
the same amount as the Hamiltonian was shifted. Now we can compute the desired

average free energy:

- / ©_d ppp <_f; — gln(QwT)> (99)

oo /27 f§
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F= —%02 — g n(277T) (100)

We can compute other disorder-averaged quantities. For example, the thermal
average of the position for a given force field f is

I dr 1 emzr(r*=2fr)

[ dr emar(ri=20m)

<T>f

=/ (101)

Again this makes sense given that our quadratic well is centered at r = f. If we now
do the disorder average, we find that the disorder average of the thermal average of

the position is zero:

W= [ df o) () =0, (102
This result is the consequence of the fact that our probability distribution for f is
even so that the samples with negative and positive force fields cancel each other

out. Nevertheless, the disorder-average of the square of the average position will be

non-zero:

D - Y (103)

- 2 g
You can easily work out other averages; for example the disorder average of the

thermal average of the squared position is
() =T+ f; (104)

Note that this correlation function, which measures how much the particles fluctuate
around the origin, actually has two contributions. The disorder contribution, (r)* =
12, does not depend on the temperature, and is proportional to the strength of the

disorder. On the other hand, the thermal part of the fluctuation, given by

(=)= ()~ (=T (105)
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does not depend on the disorder and is proportional to the temperature. This thermal
part has the form of a so-called connected correlation function; note how it automat-
ically subtracts away the shift in the average position caused by the random force
field.

We will now re-derive these results using the replica method. For this problem,
using replicas is certainly over-kill, but of course the point of the method is that it
will work for many other problems where a direct computation is impossible. Our
direct computation relied on the fact that we could compute the free energy for
any particular sample. Of course, we have seen previously that for other problems,
computing the free energy of a particular sample meant solving a large number of
self-consistent equations. The idea of the replica method is to reverse the order
of the computations-we want to average over disorder first, leaving any additional
computations for later. The additional computations may still be possible, or even
actually simpler, if we do them in this reverse order. In our example, we have

Feor [T Y rrgy, /°° dr e #0717 (106)

o m —o0
Instead of doing the r integration first, we want to start with the disorder average
represented by the f integration. This would be possible if the logarithm were not
there-the f integral would then be a soluble Gaussian. The replica method is based

on the mathematical identity

anzlimZ -1

n—0 n

(107)

which enables us to pull the logarithm out of the way. Let us rewrite our average free

energy as
F— —T/ df p(f) InZ; (108)
We use the mathematical identity
.1
x = leli% - In(1 + nz) (109)
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to rewrite this as

F = —Tlim 11n(1+n/_°;dfp(f)lnzf>. (110)

n—0 n

Using the fact that [*_df p(f) = 1, we have

F=-Tlin —ln/ df p(f) (1 +nlnZ;) (111)

n—0 n

Finally, using the identity (107), we have

F =-Tlim —ln/ df p(f) Z} (112)

n—0 n
which is a form that we can work with; we now will be able to perform the f integra-
tion. One way to think of the term Z7 is to imagine a new physical system consisting
of n identical replicas of the old system; then Z% is just the partition function of the
new system. If we label the replicas by the index a, where a can run from 1 to n,

then

7= [ Tl dra exo (—% )y (5 - fm)) (13)

a=1 a=1

Finally, we have transformed our original equation (106) for F into the mathematically

equivalent expression

_ o1 © df  _pap "
Pty i e [ ow (1 % (5
(114)

The advantage of this horrible-looking expression is that we can now complete the

square, perform the Gaussian f integration, and arrive at the formula

1

F = —Tlim —ln/ H dr, exp <_f (ig erar,,>> (115)

n—0 n
a=1 Tz
By averaging over disorder, we have converted our original problem into the math-
ematically equivalent problem of a system of n particles with no disorder, and inter-
acting according to the effective Hamiltonian

i 5“ - Z TaTb (116)

albl
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Now we have to do the "additional computations” that we have postponed-that is,
we have to compute the free energy for this new system. Fortunately, in this case
the integration over the r, variables is Gaussian so it can be performed exactly. (For
other problems this next step can only be done approximately, for example by a
variational approximation; we shall see how this works in the next lecture.) We write

the effective Hamiltonian in the form

Hepp =5 ZZ( Y ramy (117)

a=1b=1
where (G 1o =1 — f¢/T and (G 1)azs = —f3/T. Doing the Gaussian integral, we

find

— 1 T T 1
F = —Thm —In(y/(27T)"det G) = —— In(27T) — 5 lim —TrinG (118)

n—0 n n=0 n

Now we have to take to logarithm of the determinant of our G matrix, or equiv-
alently the trace of the logarithm of that matrix. At this point, it is worthwhile to
make a digression to study some needed matrix algebra. We are interested in n by n

matrices of the form

j=}}
S|
S
S|

a a a a
a a a a

a a a a

We call these matrices replica-symmetric matrices, and we will adhere to the conven-
tion that the diagonal elements of the replica-symmetric matrix A,, will be denoted
by a, while the off-diagonal elements will be denoted by a. We want to derive rules
for multiplying such matrices which are correct for arbitrary n, so that we can take
the n — 0 limit. We will then be able to formally deal with 0 x 0 matrices!

If we multiply two replica-symmetric matrices A, and By, the result is a new

replica symmetric matrix Cy;, with
¢=ab+ (n—1)ab (119)
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and

¢ =ab+ ab+ (n — 2)ab. (120)

Notice that we derive these formulas by thinking of n as an integer, but that we can
then extend their validity to all real n. By requiring that ¢ = 1 and ¢ = 0, we get the
conditions which must be satisfied if A, is the inverse matrix of Bg,. In the n — 0

limit, these conditions are

1 —b . b—2b
P = — a =

b—b ' (b—0b)2 "’ (b —b)? (121)

Applying these formulae to our G4, matrix, of which we only knew the inverse until
now, we find that g =1+ f2/T and g = f2/T.
The trace of the logarithm of a replica symmetric matrix can be worked out using

the Taylor expansion

X? X3 Xt

in its matrix form. We leave it as an exercise for the reader to work out that for the

replica symmetric matrix A

1
lim — Trln A =1In(a — a) + = g (123)
n—=0n a—a
Using this result in equation (118), we finally obtain
— T 2
F = 3 In(27T) — f?() (124)

in agreement with our previous direct computation.
Other disorder averages can also be worked out using the replica method. Again,
one does the average over disorder first, leaving any additional computations until

the end. In this way, one can show that

- (3 r2>eff (125)



where the "effective” expectation value is taken with respect to the replica Hamilto-

nian: we define an effective partition function

co M He
Zepp = / II draoexp (—%) (126)
X a=1

and the effective expectation value of some observable X is then

(X),;r = lim ——/ 1_[1 dr, X exp (—%) (127)

Completing the computation, we find

(r2) = lim — Z TGu=Tig=T+ [} (128)

n—0 n

This result is very important—it tells us that the diagonal element of our Green’s
function matrix in replica space is proportional to the correlation function measuring

the combined fluctuations caused by thermal and disorder effects. Similarly, we can

show that
(r?) — inrr —hml(nTG +n(n—1) TGaz)
alb 0 1 aa a#b
a=1b=1 eff
—T(G-g) =T (129)

This tells us that the purely thermal fluctuations given by the ”connected” correlation
function are proportional the difference of the diagonal and off-diagonal elements of
the Green’s function matrix.

We can summarize what we have learned by saying that an effective replica Hamil-

tonian of the form

Hepy = ZZ( Y Ty (130)

a=1b=1
with a replica-symmetric G matrix represents an exact description of an ensemble of

physical systems, each one of which is a particle in a quadratic well with identical

thermal fluctuations equal to T (Ggq — Gazp), but with the center of the well assigned
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a different position in each sample, with fluctuations in the position of the well equal
to T'G4z. The total combined fluctuations in the position averaged over temperature
and from sample to sample will be equal to T'G,.

We will now move on to a much more challenging example of averaging over
quenched disorder, for which a direct computation is impossible. Our first example
was not really so ”disordered,” as each sample was still just a single particle in a
perfectly quadratic well. The disorder was just sample-to-sample disorder, not disor-
der within a given sample. Much more interesting would be an ensemble of physical
systems such that even within a given sample, there exists intrinsic disorder. This is
really what most physicists have in mind when they think of glasses. To be specific,
let us imagine an ensemble of systems, each one again consisting of a single particle in
a potential. The Hamiltonian for the particle will again consist of a quadratic piece

plus a random term:

7"2

H = +V(r), (131)

but now the random term V' (r) represents a whole random potential landscape, look-
ing something like the profile of a one-dimensional mountain landscape, or perhaps
the graphical history of a (purely random) stock market. A particle in such a po-
tential will certainly feel intrinsic disorder within the sample, and if each sample has
a different random potential, we will still have sample-to-sample disorder. Before
we can try to solve for the average thermodynamics of such an ensemble of systems
(which we will eventually do), we first have to understand how one can even describe
such random potentials in a mathematically precise way, which is the problem we
turn to now.

One convenient (and realistic) way to make an ensemble of random potentials is
to imagine a potential landscape which is actually very slowly fluctuating according

to some Hamiltonian at the effective temperature T, ¢, so that the potential chosen
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for a particular sample is just a snapshot of the fluctuating potential at some time.
We assume that the fluctuations of the particle on the potential are very much faster
than the fluctuations of the potential, so that on time scales relevant to the particle
the potential still appears quenched. Technically, this means that we do the thermal
average over the Hamiltonian of the particle first, and only afterwards do the disorder
average, which is interpreted as a thermal average over the slow Hamiltonian of the
potential. One reasonable ”slow Hamiltonian” is

o Teff o0 ov 2
Hslow = 9 [m dr (E) (132)

Such a Hamiltonian favors potential landscapes for which near-by points are corre-

lated. A more general quadratic slow Hamiltonian is

Hy =+ [ ar [~ i (K7) VOV (133)

This slow Hamiltonian will give us a Gaussian probability distribution

p(V(r)) = Zio exp (—% /o:o dr dr' (K_l)w, V(r)V(r')) (134)

where Zj is a normalization constant. (To make sense of these expressions, it may
help you to think of discretizing space so that the number of points where the particle
can sit is finite. Then, for example, K,,» will become a finite matrix. At the end,
one can go back to the continuum limit.) One can take this probability distribution
as a starting definition of a random potential-the description in terms of a slow
Hamiltonian was merely to help give some qualitative understanding. This Gaussian

probability distribution has for its first two moments
V(ir)=0, V(n\V(r') = Kyp (135)

Clearly, the specifications of a Gaussian probability distribution by its slow Hamil-
tonian or by its first two moments are equivalent, as one can switch from one to the

other by simply inverting the K matrix.
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Normally, K,/ is just a function of |r — 7'|:
K, = K(|r —r'|). (136)

In that case,

(V(r) = V()" = 2(K(0) - K(Ir —'])) (137)

It is reasonable that K (|r|) should monotonically decrease from its value at |r| = 0,
as that implies from equation (137) that the closer two points are, the more closely
their potentials are correlated. One very reasonable and technically convenient form

that for K(|r|) is a Gaussian decay:
a2
K(jr —7'|) = Wexp (—u> (138)

Such a form describes a random potential with typical magnitude W and correlation
length A. In the ”mountain landscape” analogy, W corresponds to the typical height
of the mountain peaks, while A is the typical distance between mountain peaks.

Another very popular form is a linear decay:
K(r=r'))=W — flr —7'|. (139)

In contrast to the Gaussian decay, the linear form has no characteristic spatial or
energy scale. Instead the typical squared difference in potential will grow linearly
with distance at all scales; such a form corresponds to a Brownian random walk for
the potential.

We will now begin the computation of the average free energy for an ensemble
of systems with a Gaussian random potential by averaging over the disorder with
the replica method. In this case, we have no hope of succeeding with the ”direct
approach” of computing the free energy for an arbitrary sample, and then averaging

over the disorder. We must try to average over the disorder first, and leave any
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additional computations for later. I will first tell you the result of the average over
disorder, and then give a derivation of this result.

The result is: if we have an ensemble of systems with Hamiltonian

H= % +V(r) (140)

where V(r) is a Gaussian random potential with first two moments V(r) = 0 and

V(r)V(r') = K, then

= Heyy
F = —T}}L%;ln/ H dr, exp ( - ) (141)
where
eff - Z Ta Z Z Krarb (142)
a 1b6=1

The derivation: we have (all the initial steps are the same as our previous example)

F=—Tlim lmzm (143)

n—0 n

where Zy represents the partition function of the system with a given potential V().
We take the nth power of the partition function by replicating the system n times:
o N 17 7.2
Zi= [ Tldraexp (-5 (% +V(a) (144)
X =1 T a=1 2
Since we have n identical replicas of the system with potentials V'(r,), the correlation

function of the disorder will not depend on which two replicas we choose, so that

Vra) =0, V(rd)V(ry) = Kra?"{, (145)
and we find
F = -Tlim llnL /DV(r) exp 1 ii/ drg dr ( ) V(ra)V(ry)
n—0n, S 2 a—1b=1”/—00 “ b TaTy ¢ b



where the notation DV/(r) represents a functional integral over the function V(r).
(Again, if you have trouble with this, just imagine that space is discretized into a
finite number of points. The functional integral then becomes a multiple integral
over the values of the potential at the discretized points.) The integral over V(r) is
Gaussian, and can be done (using the functional integral extension of the formulae
in the appendix) yielding the desired result of equations (141) and (142). In the next
lecture we will start from this point and use the variational method to try to complete,
at least approximately, the calculation of the average free energy of an ensemble of
systems with Gaussian random potentials. We shall discover that very interesting

problems will arise in such a computation.
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IV: Variational Replica Approach and Replica Symmetry Breaking
In this lecture we shall attempt an approximate computation of the average free
energy of the ensemble of physical systems consisting of a single particle in a Gaussian

random potential. To be specific, we choose the Hamiltonian to be
2

H= % +V(r) (147)

where V(r) = 0 and
V(r)V(r') =W — flr—1| (148)

As we learned in the last lecture, the average over disorder can be done by the replica

method, yielding the expression

_ 1 oo T H
F=—Tlim=-1 / dr, (—J> 149
ng)r(l)nn_ooal—[:lrexp T (149)
where in this case, the effective replica Hamiltonian is
1 n 1 n n
Hepp =53 e = 57 2. 2 W = flra =i, (150)

a=1 a=1b=1
Notice that the average over disorder induces an effective attractive interaction be-

tween particles from different replicas.

Unfortunately, the form of the interaction makes an exact integration over the r,
variables impossible, so we must resort to approximate methods. Fortunately, our
variational method can still be applied (although because of the n — 0 limit, the trial
average free energy becomes a lower bound on the true average free energy rather than
an upper bound). Recalling the formalism that we learned in the first two lectures,

we define a trial average free energy F by

F =Fy+ (Hepy — Ho), (151)

where Hj is a trial replica Hamiltonian and the thermal average ( ), is taken with
respect to it:

— 1
FO = —T lim —lIlZO (152)

n—0n
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Zo = /fo I draexp (‘THO) (153)

—H,
<X0_rlzll>%ﬁ_0/ l—lldraX exp( - ) (154)
As the class of trial replica Hamiltonians, we use the quadratic form that we solved

exactly in the last lecture:

- %ig( Y. ramy (155)

where G is a replica symmetric matrix with diagonal elements g and off-diagonal
elements g. These matrix elements are now the variational parameters which we will
vary to optimize the trial free energy.

(The idea of using quadratic trial replica Hamiltonians (with a more general
replica-symmetry-broken form which we will learn about later) in a variational ap-
proach was first suggested in a paper by Shaknovich and Gutin [18] on the replica
approach to the heteropolymer problem. Mézard and Parisi [13] significantly devel-
oped the ideas of this approach, and in a recent preprint [14], applied it directly to
the problem we are studying today. I have chosen to discuss their work because it is
a particularly illuminating example of the replica method from the pedagogical point
of view.)

Fortunately, we have already done most of of the work necessary to compute the
various pieces of the trial average free energy. For example, from our computation of

the free energy in the last lecture we have (see equation (118))

— T T 1
Fy, = —5 In(27T) — 5 lim —TrinG (156)

n—0n
and using the result we derived last lecture for the trace of the logarithm of a replica-

symmetric matrix (equation (123)), we find

Fo = —g In(27T) — g (m(g —9)+ #) (157)
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For (—Hy),, we have

(~Hoby = — <Z > (), rarb>0 (158)

(—Ho)o == lim ~ 373 (G™),, Gar = - (159)

(Hegp), is itself composed of a few pieces:
1 & Tg
< Zr> :—hm—ZGaa:79 (160)
The a = b piece of the interaction term is
W w 1 w
23 1)) == lim - n= -t 161
< 2Taz::1 >0 2T nson 2T (161)

For the a # b piece of the interaction term, we note that z = r, — r is a Gaussian

variable, with
<Z>0 =0 ) <Z2>0 - Bab = T(Gaa =+ be - 2Gab) = 2T(§ - g) (162)

Using what we learned about Gaussian variables in the second lecture (see the dis-

cussion around equation (58)), that means

(S )

a#b

_ %I%%Zb/o; Td;_Bab exp <_%ab> 12 (163)
s = » (~gprg=ay) .
— (gw—Tg) (165)
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Note that the sign of this term switched when taking the n — 0 limit because there
are n(n — 1) off-diagonal matrix elements. Collecting all the terms, we find the trial

free energy

F= —%(ln(QwT) +1) - % - g (111(9 —9)+ ﬁ) + ? —fy (gﬁ_Tg) (166)

Setting the derivatives with respect to ¢ and g equal to zero, we find the two equations

r(_ 1 g S
2<§—g+(§—9)2+1> 2./7T(§ — g) ’ (167)

T 1 g 1 f

5(&—9_(§—9)2_§—g>+2\/m:0 (168)
Adding these two equations, we find §—g¢g = 1, and plugging that back into the second
equation, we find g = f/v/7T3. We recall from the last lecture (equation (129)) that

the physical correlation function corresponding to the thermal fluctuations is
() =) =T(@G-g)=T (169)

which tells us that the thermal fluctuations are proportional to temperature, as we
expect. The correlation function measuring the average of both thermal and disorder-

induced fluctuations is

TE e f

r2Y=Tg=T+ — 170

(7 =Ti=T+L (170
which is ..... a disaster! Our result suggests that the typical displacement caused

by disorder diverges as the temperature approaches zero, which makes no sense. We
know in fact that at zero temperature, the particle will sit at the bottom of the lowest
well in each sample, and the lowest well should always be some finite distance from
the origin, given the quadratic term we have included in the Hamiltonian. Therefore
we should have gotten a finite answer for the fluctuations at zero temperature.
What went wrong? In fact, it should have been obvious that we were headed for

trouble given what we learned in the last lecture about the physical meaning of the

90



replica-symmetric trial Hamiltonian. As we learned, a replica-symmetric Hamiltonian
gives an exact description of an ensemble of systems, each consisting of a particle in a
single quadratic well, with the position of the well distributed from sample to sample
according to a Gaussian distribution. This is very far from our ensemble of systems,
for which every sample has many metastable minima. We should not be surprised
that we get nonsense from an approach which approximates rough random potentials
by a single quadratic well. Garbage in, garbage out.

What is not so obvious is how to make a better approximation. We need an
approximation which includes the possibility of disorder within a sample, as well as
sample-to-sample disorder. In fact, such an approximation is possible, even retain-
ing the quadratic form of our trial replica Hamiltonian, using an amazing idea due
originally to Giorgio Parisi, which he proposed in the context of a replica approach
to the spin glass problem [17]. The idea, called replica symmetry breaking, techni-
cally amounts to widening the class of n by n replica matrices GG, considered in the
trial replica Hamiltonian to include matrices for which the off-diagonal elements are
not necessarily equal. We will first explain how to do this technically, and then de-
scribe the physical meaning of an ensemble of systems represented by a trial quadratic
replica Hamiltonian with replica-symmetry-broken matrices. As we will see, replica
symmetry breaking is the key ingredient to describing ensembles of systems in which
each sample has many metastable states.

We will begin our description of replica-symmetry-broken (RSB) matrices with
the simplest such possibility, called one-step replica symmetry breaking. In a one-
step RSB matrix, the n replicas are grouped into n/m families of m members each.
There are three kinds of matrix elements: the diagonal elements, off-diagonal elements
for which the row and column replicas belong to the same family, and off-diagonal

elements for which the row and column replicas belong to different families. For
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example, in the following one-step RSB matrix A,,, n = 4, while m = 2:

a a; Qg Qg
ay a ag Qo

ay ay G ay
ag ay a; a
We have adopted the convention that for a one-step RSB matrix A,, the n diagonal
elements are denoted @, the n(m — 1) ”intra-family” matrix elements are denoted a;,
and the n(n — m) ”inter-family” matrix elements are denoted by aq.
If we multiply two one-step RSB matrices which share the same values of n and

m, the result is also a one-step RSB matrix with the same n and m values. In fact,

it is easy to work out that if

Cop = iAachba (171)
=1
then
¢ =ab+ (n—m)aghy + (m — 1)aib (172)
co = by + (m — 1)aiby + bag + (m — 1)brag + (n — 2m)agby (173)
¢ = aby + arb + (m — 2)aiby + (n — m)agby (174)

We derived these equations thinking of n and m as positive integers with n > m, but
we can consider the equations to be valid for arbitrary real n and m. We can take
the n — 0 limit of these equations and then use them as we did last lecture to find
the set of conditions that must be satisfied if A, is the inverse of B,,. We can also
use them to compute the trace of the logarithm of a one-step RSB matrix A,;; the

result is

lim %TrlnA = In(a — {a)) + = _‘L"(a) - mﬂ; 'in (;__{;) (175)

where

<CL> = mag + (1 - m)al. (176)
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We recover our previous replica-symmetric results in either of the limits m — n or
m — 1, corresponding to all the off-diagonal elements being ”intra-family” or ”inter-
family” respectively.

We have developed enough ”replica technology” to be able to use a trial Hamil-
tonian of the same quadratic form as in equation (155) but with a one-step RSB Gy,
matrix. The one-step RSB trial Hamiltonian has four variational parameters: a, ag,
a1, and m, and must give a trial free energy at least as good as the replica-symmetric
Hamiltonian, because it is more general. When we compute thermal replica expec-
tation values and encounter sums over off-diagonal elements, we must remember to
break the sum into intra-family and inter-family parts. This has implications for the
computation of disorder averages. For example, the connected correlation function
measuring thermal fluctuations is within a one-step RSB trial Hamiltonian (compare

equation(129))

(r2) — (r)? <Z > Tarb>0

a=1bh=1

1
= liir(l) E(nTﬁ +n(n—m)Tgo+ n(m—1)Tg)

=T(g—(9))- (177)
In the computation of the trial free energy, the only terms that change from their
replica-symmetric forms are the term giving the trace of the logarithm of the G,
matrix and the term from the a # b piece of the interaction expectation value. The
average square of the Gaussian variable z = r, — r, depends on whether replica a and
b are in the same family or not; (2?), = 27(g — ¢;) if they are in the same family,
and (z?), = 2T(§ — go) if they are in different families. We thus find (compare with
the replica symmetric result of equation (165)) that

(T m> m JOZ ) gy (U8

a#b ™
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If we collect all the pieces together, the one-step RSB trial free energy is

F=_g (ln(27rT)+1—§+1n(§—<g>)+ : +m_1ln<§_gl>>

g—{g m 9-9)
w (9 — 90) (9 —g1)
—op —fm T—f(l—m) T (179)

Now of course, we can optimize the free energy with respect to the variational pa-
rameters ¢, go, g1, and m. It is important to realize that in the n — 0 limit, the
optimal values of the parameters will give a mazimum of the free energy, rather than
a minimum [15].

The physical meaning of these variational parameters has been worked out by
Mézard and Parisi in their paper [13]. It can be understood in much the same way
that we understood the physical meaning of the variational parameters ¢ and g in
the replica-symmetric case: by comparing results of a ”direct” computation of some
disorder average with the results of the replica computation. Specifically, Mezard and
Parisi showed that if we have an ensemble of physical systems for which the average

free energy is given by the expression

- . 1 o [ Hreplica
F-—T%ll)r%)ﬁln/ooal;[ldraexp (— T ) (180)
with
1.n.n .
Hreplica = 5 Z Z (G )ab TaTp (181)
a=1b=1

with a one-step RSB (G, matrix, then the ensemble is equivalent to one constructed
in the following way:
1. For each sample we determine a ”central point” 7y, by choosing it from the

probability distribution

p(ro) = \/217@ exp (—T—g> (182)

2. Around the central point of each sample we generate an infinite number of

quadratic wells. The positions r, chosen for the center of each quadratic well are
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uncorrelated with each other; they are chosen from the probability distribution

Dlra) = ;) exp (—@) (183)

2m(g1 — 9o 2(91 — 90)

The potential V,, at the minimum of each well is also a random variable uncorrelated
with the position r, or with any of the other wells. The V, are chosen from a
probability distribution such that the average fraction of wells with minima below
the level V is e™. (That is, all the wells have minima below V' = 0; while a fraction
e~™ have minima below V = —1, and so on. m is normally between 0 and 1.) In the
total Boltzman sum for the sample, each well will have a weight

o~ ValT

Wa = ‘Za e_Va/T

(184)

3. The thermal fluctuations within each well are equal to T(g — ¢1); that is, the

effective well Hamiltonian is

1(r— To)?
2 (§ - 91)

As I mentioned, this ”interpretation” was arrived at by Mézard and Parisi [13] by

Hyen = (185)

demonstrating that the disorder averages that one computes using the interpretation
agree with those obtained from the replica method.

An ensemble such as that described above clearly exhibits the kind of intra-sample
disorder that we want. The many quadratic wells mimic the many metastable minima
in our original problem, and our various variational parameters give a clear quanti-
tative measure of the disorder.

Nevertheless, one can do better than the one-step RSB scheme. In the one-step
scheme, the replicas are organized into a very simple hierarchy of families. Parisi
[17] proposed an even more general scheme called k-step replica symmetry breaking in
which the n replicas are organized into n/m; ”1-families” of m; elements each. The

my replicas in a ” 1-family” are then further organized into m;/my ”2-families” of my
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elements each, and so on until we reach the level of ”k-families,” which are ordinary
families consisting of my elements, and ”"k-+1-families” which are simple elements.
We use the convention that all replicas belong to the same ”0-family” so that my =n
and my, = 1. Off-diagonal elements of the k-step RSB matrix A,y for which replicas
a and b belong to the same ”[-family” (the maximal [ being chosen) are labeled q;.
As an example, we give a 2-step RSB A,, matrix, with my =n =8, m; = 4, and
mo = 2:
a ay a1 G1 Gy Gy Gy G

(05} a a; ai Qg Gy Gy Qg

a; ap a a GGGy Ay Qay Qg

a; ap ag a Qa Qay ayg Qg

apg Ay Qo Qg a o a1 a1

g Ay Gy Gy Q9 a a; ap

ap Qg Qg Ay a1 aq a Qo

ay QaQyp ay Gy ai a1 a2 Q@

Two k-step RSB matrices with the same values of m; will, when multiplied to-
gether give another k-step RSB matrix with the same values of m;. As we did above
for one-step RSB matrices, we can write down the multiplication rules for k-step RSB
matrices, and then derive formulas for the inverse and the trace of the logarithm of a
k-step RSB matrix. We can thus compute the trial free energy, and optimize it with
respect to all the variational parameters in the problem (g, the k£ + 1 off-diagonal
elements g;, and the k parameters m;.) Clearly, a trial Hamiltonian based on a k-step
RSB matrix will always be more general than one based on a k£ — 1-step RSB matrix,
and should thus provide a trial free energy that is at least as good. The physical
interpretation of a such a Hamiltonian is a rather straightforward generalization of
the interpretation of a one-step RSB Hamiltonian. For example, in the case of a two-

step RSB Hamiltonian, in each sample, one first determines a ”central point” from a
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Gaussian probability distribution. Around that central point one distributes an infi-
nite number of "wells” as as we did in the one-step case. Now, however, the position
of the center of each well is just a ”central point” around which one distributes an
infinite number of quadratic ”sub-wells,” again with spatial and energy displacements
determined by probability distributions using the g; and m; parameters. Finally, the
particle fluctuates thermally in the sub-wells. In three-step RSB, the sub-wells are
further broken down into sub-sub-wells, and so on. For more details, see [13].

The best we could do within the k-step RSB scheme would be to take the & — oo
limit. Incredibly enough, this limit can be taken, and is referred to as full replica
symmetry breaking. Actually, in order to make sense of this limit, we need the follow-
ing fact, which has been empirically observed in all known examples of k-step replica
symmetry breaking with finite k. The parameters m; should, in the n — 0 limit,

obey the inequalities
0<my <my <o <my_y <y < 1. (186)

We can ”justify” these inequalities in the following way. In each row of a RSB matrix,
there are n — 1 off-diagonal elements, which in the n — 0 limit, equals —1. Say, for
example, that we had the two-step RSB matrix A,,. Then n — my of the off-diagonal
elements on each row would equal ag, m; — my of the off-diagonal elements would
equal a1, and my — 1 of those elements would equal ay. If we want a certain fraction
of the elements to have each of the possible values, and if all the fractions should be
between 0 and 1, then we require for example that n — m; should be between 0 and
—1 (so that the number of elements equal to ay be a fraction of —1), which means
(for n — 0) that 0 < my < 1. The other inequalities similarly follow. If the above
inequalities are obeyed, then we can represent all the parameters m; and a; in terms
of a single function a(x), where = ranges from 0 to 1. We construct the function piece

by piece, with a(z) = a; for m; < z < m;y;. For any finite k, the function will a(z)
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will thus consist of a series of steps.

The variable z in the function a(z) is a measure of the relatedness of the two
replicas denoted by the row and column indices of a matrix element of A,,. When
x — 1, the relatedness is high, while when z — 0, the relatedness is low. x is the
generalization of the one-step variable m, which you recall was physically interpreted
in terms of the difference in potentials between the different wells. Physically, there-
fore, the small x regime refers to correlations between wells that have a big potential
difference.

The rules for multiplying two full RSB 0 x 0 matrices A, and By, to get a
new matrix Cy, can be written in terms of the parameter representing the diagonal
element and the function representing all the off-diagonal elements [17]. The following

formulae are taken from [13], Appendix II:

¢ = ab— (ab) (187)

c(u) = (b~ (b))a(u) + (@~ / dv (a(u) = a(v))(b(u) = b(v))  (188)

1
a) E/ du a(u) (189)
0
In order that By, be the inverse of A, we require that ¢ = 1 and c¢(u) = 0. The
resulting conditions are written out in detail in reference [13]. They have also worked
out the formula for the trace of the logarithm of a full RSB matrix:

lim L TrIn A = In( — () + -2 —/0 u21 ( —{a) - [“](“)> (190)

n—0n a— {a) a— (a)

where

[a](u) = — /0 " v a(v) + ualu) (191)
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You can check that our previous formulae in the replica symmetric or one-step RSB
cases are just special cases of these more general formulae.

We can now employ a quadratic trial Hamiltonian with a full RSB G,, matrix.
The variational parameters will be g and the full function g(z). Note that whenever
we encounter a sum over off-diagonal elements, the sum can be replaced by an integral
over z (with a minus sign to account for the fact that there are —1 off-diagonal ele-
ments per row.) For example, the connected correlation function measuring thermal
fluctuations is

=07 = (X L) =(Er+ zw,,>0

a=1b=1 a=1 aFb

1
=T (- [ dog(@)) = TG~ (o) (192)
With this information, it is easy to re-compute the trial free energy assuming a

full RSB G matrix; the final result is

p:_§<m@ﬂm+1—§+m@—%m)+~mm _A%@m<§_@%%dwv)

g—(9) u? g—{(9)

= (193)

We can now optimize this free energy with respect to g and g(u). Actually, Mézard

and Parisi used the equivalent and technically simpler procedure of differentiating
with respect to the G4, matrix first, before taking the n — 0 limit, and then breaking
replica symmetry on the saddle point equations. Because the inverse of G naturally
arises in this procedure, they chose to write the trial Hamiltonian in terms of the

7self-energy” matrix og:

n

Ziaabrarb (194)

a=1bp=1

H():

N | =

n
>ort-
a=1

N | =

so that

Ga=(1-0)7") (195)

ab
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Mézard and Parisi [14] found the following solution: For ¢ > 1, where ¢ is the "reduced

f=T (%)m (196)

the replica symmetric solution given previously is valid, with g(u) = o(u) = 2/t3/2.

temperature”

For t <1, the result is

2/t, 0 <u < 3t/4,
o(u) =< 32u?/9t3, 3t/4 <u < 3/4, (197)
2/8%, 3/4<u <1,
and
G—{o)=1 (198)

Their final result for the average of combined thermal and disorder-induced fluc-

tuations is

- T(1+2t—3/2), t>1,
2y — (199)

ST =3 (#)2/3, t<1,

which makes much more sense than our previous replica symmetric result. According

t

to this solution, the system ”freezes” at the critical temperature 7, = (%)2/3 into its
low-temperature configuration, and at zero temperature, the fluctuations are finite.
Of course, we learned in the first lecture that we should not trust a variational ap-
proach to the extent of believing that there is actually a sharp transition as described
here. Indeed Mézard and Parisi [14] performed numerical simulations of this system
and showed that in the true system, the cross-over from the low to high temperature
regimes is actually smoothed out. Nevertheless, their comparison does show that the

predictions of the full RSB variational approach are not too far from reality.
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V: Replicas and the Impure Superconductor in a Magnetic Field

In this last lecture, we will apply the ideas we have learned about to a real phys-
ical system which has attracted considerable experimental interest, especially in the
last five years—the impure superconductor in a magnetic field. The work that I will
describe was done in collaboration with Jean-Philippe Bouchaud and Marc Mézard
at the Ecole Normale Supérieure in Paris [5].

As you may know, a superconductor has the property that sufficiently small mag-
netic fields cannot penetrate inside of it. Nevertheless, for all superconductors, there
is a critical magnetic field (which will depend on the temperature) above which the
superconductor cannot maintain itself. In type-I superconductors, there is a single
transition from low magnetic fields when the sample will superconduct, to high mag-
netic fields when it will not. In type-II superconductors, the type which we will discuss
today (the new high-T, superconductors are all type-1I), there exists an intermediate
regime in which the magnetic field partially penetrates into the sample. In this in-
termediate regime, the magnetic field inside the superconductor is organized into a
triangular lattice of flux lines (called an ” Abrikosov lattice”) parallel to the direction
of the external field. As the magnetic field is increased from zero in a type-II super-
conductors, two transitions occur. At the first transition, called H.;, the magnetic
field first begins to penetrate and the Abrikosov lattice is formed. As the magnetic
field is further increased, the density of flux lines will continually increase, until at a
second transition called H., the superconductivity is finally destroyed.

The Abrikosov lattice can be experimentally identified in a Bitter decoration ex-
periment. The experimenter lays nickel filings on the superconductor, and they are
attracted to the flux lines. A photograph is taken of the filings, and they indicate
the structure of the lattice. A striking feature of the new high-temperature supercon-
ductors has been the extent of the disorder in the Bitter patterns of some samples;

disorder which perhaps is caused by intrinsic quenched impurities in the sample. In
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this lecture, we will be using our replica methods to compute the properties a model
that assumes such impurities, and we shall see that one can make detailed predictions
that can be compared to the Bitter decoration experiments. We will begin, however
by constructing a model of an Abrikosov lattice in a perfectly pure superconductor.

An Abrikosov lattice is much like any other classical crystal, except that it is
constructed from flux lines rather than atoms. Nevertheless it will have thermal fluc-
tuations which can be understood using classical statistical mechanics. The simplest
model that describes a classical crystal is the perfectly quadratic elastic solid. One
can think of an elastic solid in terms of either a microscopic atomic picture or a more
macroscopic continuum picture. In the two-dimensional version of the microscopic
atomic picture, the atoms are arranged in a triangular array, with a lattice spacing a,
and each atom is linked to its nearest neighbors by a spring. The springs are taken to
be perfectly quadratic harmonic oscillators, with possibly different spring constants
for longitudinal and transverse fluctuations. Each atom has some unperturbed equi-
librium position #. You can call ¥ the "label” of the atom, because no matter how
much it jiggles around, its unperturbed equilibrium position & will never change. At
any given time, each atom will actually be at some position 7(Z). The displacement
of each atom from its equilibrium position is %(Z) = 7(Z) — . The energy of the
system is just the sum of all the two-body terms corresponding to stretching each
spring.

This microscopic picture is useful to keep in mind, especially when discussing
experiments that can measure the microscopic structure of the lattice. But it is
often more useful and general to think in terms of a continuum description—such a
description will be appropriate when we work at length scales very long compared
to the atomic spacing. In this description, we imagine following some point Z in the
solid as we stretch it—again it gets displaced by an amount #(Z) to the new position

7(Z). Quite generally, we know that when we make a perturbation of a system around
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its minimum, the energy will grow quadratically with the perturbation—in this case

@(Z). In fact, we expect that the continuum generalization of the atomic Hamiltonian

will look like

OUg

(Ci1 = Cés) (Z 8xa>2 4 Cys % <3ua>2] (200)

= Ozg

2 =
Helastic = /d x

The Greek indices o and 3 refer to the z and y directions, and the derivatives
are the generalizations of nearest neighbor energy cost terms. This is actually the
most general quadratic form consistent with the symmetries of a triangular lattice.
C11 is called the "bulk modulus” and tell you how hard it is to squeeze the solid;
Cee is called the ”"shear modulus” and tell you how difficult it is to shear the solid.
For a solid like rubber which is easy to shear, Cgq < C7;. This will also be true for
superconductors in the regime that we are interested in.

For a three-dimensional solid of triangular lines, the continuum elastic Hamilto-
nian is

O,

e (£ 5]+ e (55) + e (5) |

) (201)

Helastz'c = /dedZ

where Cyy is the ”tilt modulus” which measures how hard it is to tilt the lines as
they travel in the z direction. This is the standard Hamiltonian used to describe
the Abrikosov lattice of vortex lines in type-II superconductors. It should generally
give a good description when the displacements % are not too large—that is, when the
temperature is low enough.

Because these Hamiltonians are quadratic, we can solve for all the thermodynam-
ics exactly. In particular, we can calculate any correlation function that we want.
One interesting example is the ”translational correlation function” or ”Debye-Waller

factor”

gz(&) = (¢ FED=TOD) (202)



where K is some reciprocal lattice vector. We can calculate this correlation function

exactly; in two dimensions we find the interesting result [16]
9z (&) ~ x &) (203)

where 7k (T) is a temperature-dependent exponent:

T(2Css + C11)| K2
_(T) =
77[(( ) 471'066(066 + 011)

In three dimensions, this correlation function does not decay to zero for large &, but

(204)

only goes to a constant. This correlation function measure density-density correla-
tions; it can be related to the probability that if we have an atom at some position,
there is an atom exactly x lattice spacings away. The fact that it goes to a constant
at long-distances in three-dimensions means that the crystal has ”long-range order.”
We will be able to compare the above results with our computations in the disordered
case. Even more interestingly, we will be able to compare with experiments where
these correlation functions are measured in real systems.

So far, our Hamiltonians have described the Abrikosov lattice in a perfectly pure
superconductor. We will now add a term which models the effect of defects through a
random pinning potential. I will motivate the form of this potential using the example
of a thin film cuprate superconductor in a magnetic field that points in a direction
perpendicular to the film. In this example, the triangular lattice of flux points (flux
points in two dimensions; flux lines in three dimensions) will sit on square lattice of
copper and oxygen attoms. These atoms never move, but the flux points do. The
spacing of the lines will be on the order of 1000 lattice spacings of the square copper-
oxide lattice. We assume that there are some ”point” defects in the copper-oxide
lattice, like for example oxygen vacancies. We assume that whatever the defects
are, their typical correlation length A, will be much less than the lattice spacing
of the flux lines a. Note that while the flux points move around, the defects in the

copper-oxide lattice are ”quenched”: they are frozen in and never move.
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The defects in the copper-oxide lattice will attract flux points. To properly de-
scribe the lattice of flux points including their attraction to the defects, we should

add to our elastic Hamiltonian a pinning potential
H = H,,5ic + Z V(7(Z)). (205)

We idealize the pinning potential a little by assuming that it is given by a Gaussian
probability distribution similar to those we have been using in the last two lectures;
in the two-dimensional case, for example, the first two moments are chosen to be
V() =0, V(AOV(7) =Uk,exp <—M> (206)
272,
Such a form implies that the typical magnitude of the potential is the pinning energy
Upin and the correlation length is A,.

The reasonableness of our assumptions is in fact bolstered by a quick examina-
tion of the results of some recent Bitter decoration experiments on three-dimensional
cuprate superconductors [11]. In the 69 Gauss experiment of the Bell Labs group,
one can see that a perfect triangular topological structure is maintained within the
camera’s field of view. The physical idea behind our calculation is that the visible
local distortions of the triangular lattice are caused by the attraction flux lines feel for
microscopic defects like oxygen vacancies. This hypothesis can be checked by com-
paring the quantitative predictions that we derive for correlation functions with those
obtained by the experimentalists for their samples. We shall see that the agreement
is quite good.

We are interested in computing the average free energy of an ensemble of systems
described by the above Hamiltonian, and we begin by averaging over the disorder
using the replica method. As usual, the average over disorder converts our problem
into a mathematically equivalent one of n identical crystals, for which the atoms

no longer feel the random potential, but instead feel an inter-replica attraction. In
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particular, we have

= _ . 1 Heff
F=-T llII(l) — exp (—T) (207)

with (in two dimensions)

1 n
Hep =5 Z/dzf
a=1

o5 2) s (2]

af

W »non L. o
~oF Z ZZé(ra(x) — 7 (7)) (208)

a=1b=1 &'

where we have taken the limit A;, < a to convert our Gaussian into a delta-function

and where now all distances are written in units of the lattice spacing a. We define

2rU2, A2
e (209)
and
01 = 0110,2 y 05 = 0660'2 (210)

The first part of the effective Hamiltonian is just the elastic crystal replicated n times.
In the other part, one has an effective attraction between all the atoms in the system.
Of course, they will not all sit on top of one another because the elastic term keeps
them apart.

We cannot compute the average free energy exactly because the effective Hamil-
tonian is not quadratic. As usual, we will use the variational approach with a trial
quadratic Hamiltonian which is as general as possible. Thus, we choose

D 30 35 ) (cid INCREINHETHED (211)

ab af Z@
Physically we are coupling the fluctuation of every atom (or flux point) in the system
with every other atom, taking into account with the o and (3 indices the difference be-

tween longitudinal and transverse fluctuations. Because the system is translationally
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invariant, we can diagonalize the spatial part of the G matrix by going into Fourier

space, so that

=55 [ L @ ()0 @ wi-a 212

ab af

We can diagonalize the spatial indices of the Green’s function by breaking it down

into longitudinal and transverse fluctuations

Gus(@) = (60~ 22) Gt + (22) ot (213)

Finally, we can compute the trial free energy F and try to optimize it with respect
to the Green’s functions G’ (¢). I will not write out the trial free energy or the
saddle-point equations here; they are long and not too enlightening and you can find
them in reference [5]. Of course, when we optimize with respect to the replica indices,
we use a full RSB matrix. That means that we ultimately optimize with respect to
the Green’s functions G r(g,v), where v is a real number ranging from 0 to 1. In
fact, if one is lazy and tries to use a replica-symmetric ansatz, one runs into precisely
the same type of trouble as we saw in the last lecture with a one-particle problem—
all the fluctuations seem to diverge at zero temperature. Again a full-RSB approach
is necessary to account for the fact that the many possible metastable configurations
of the atoms.

The final form of the Green’s functions are (for Cg¢ < Ci;, which is reasonable

for the superconductors)

1 v

where w = 2v in two dimensions (w = 2v + 1 in three dimensions) and g, r(z) is a
complicated function given explicitly in [5]. v is an exponent whose value and physical
significance we will discuss shortly. Of course, the Green’s function in and of itself

is not too interesting. We are more interested in using the Green’s function to com-
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pute various disorder averages which have a more obvious physical and experimental
significance.

Imagine, for example, that we take two atoms some distance x apart along the x
axis and look at their typical squared longitudinal and transverse fluctuations. These

are given by the disorder-average correlation functions By () and By (x):

Bu(2) = {(ua(@) — ua(0))?) (215)

Br(w) = ((uy() — uy(0))?) (216)
We find that these correlation functions increase with distance with a power-law form

(with possible logarithmic corrections)
B~ % (217)

In particular, a full variational calculation gives the result (in two dimensions)

N 3. 3r(2/3)2 (z\** z\*?
Bu(x) = ZBi(2) = 570 (3) ~ 0.25 (E) (218)

for 1 € 2 < &= Cgs/vVW and

Br(z) = %BT(x) - I;Z (5\/916117) 0.32 (E\/%—a) (219)

for z > &. In three dimensions, we find

_ 3. 3r(2/3) ()" AN
for 1 < z < &=Cy*C3? /W and
~ 9 . 2124 [ gz \'* z "’

for x > £. Notice that the ratio of transverse to longitudinal fluctuations is always

equal to 2v + 1. Of course we do not expect these variational results to be exact,
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but there are various arguments, including other more qualitative approaches [12] [8],
which indicate that these results are reasonable.

The correlation length £ is the distance at which fluctuations become equal to a
full lattice spacing. Until that length scale, all the atoms see essentially independent
potentials, but beyond that length scale, two different atoms can take advantage of
the same attractive pinning potential. £ can actually be quite large, so that for many
experiments, the relevant result is intermediate distance regime 1 < x < €£.

Finally, we get to the promised density correlation function gz(Z). We find
K? - ~
9z(Z) = exp (—T(BL(JT) cos” 0 + Br(z) sin® 0)) (222)
where 6 is the angle between K and 7. Compared to the behavior in a pure system—
power law in two dimensions or decay to a constant in three dimensions, the decay

of gz(Z) is quicker; it is a stretched exponential with
9z (Z) ~e™® (223)

radial behavior. This prediction appears to agree quite well with experimental results
[11], with values of v that are also consistent with our predictions.

For a much more detailed account of these results, the reader is again referred to
reference [5]. Some extensions of these ideas to more complicated physical situations
have also been worked out [2]. The main message of this lecture is that the replica
technology that we have learned about in previous lectures really can be a working tool
of physicists, who can thereby make theoretical predictions which can be compared

with experiment.
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Appendix

Some useful Gaussian integrals:
n n

° H;"L:1dxi -1 -
—=——exp|—= i (A7) oz + ) xJ;
[« Jarraoa (222 SIS )
~on (3£ 5 g0,

i=1j=1

°dr 4 _g2i94 2
—zx e " =3A
-0 V2TA
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